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Ion-Wind Effects on Poiseuille and Blasius Flow
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In order to study the effects of ion wind on the plane Poiseuille flow in a channel and Blasius flow on a flat
plate, the equations of electrogasdynamics are solved numerically under the assumptions that the flow is
incompressible, that the electric field is steady, and that the fluid velocity is negligible compared to ion drift
velocity. The results show that ion wind strongly affects the skin-friction distribution for these flows.

1. Introduction

HE phenomenon of corona or ion wind pertains to the

bulk motion of a fluid under the influence of an elec-
trostatic force. Over the years, the concept of ion wind has
found several engineering applications in heat and mass
transfer problems.!"? For instance, it has been observed that
proper generation of ion wind can augment heat transfer by as
much as 200%. Other studies in boundary-layer flows have
shown that the ion wind can prevent flow separation and even
delay the transition to turbulence. In these studies, the ion
wind (generated by external electrodes) is directed towards the
wall, and its effect on the wall parameters, such as the heat
transfer coefficient, decreases as the freestream velocity
increases.

When seeking to use ion wind for the purpose of drag
reduction, the corona electrodes may be imbedded in an
otherwise insulated surface, and the ground may be either vir-
tual or provided by some remote part of the surface itself. In
such a situation the ion wind will provide a ““blowing” effect
at the wall with no net mass transfer through the wall.
Theoretically, the problem is an extremely difficult one in view
of the scanty knowledge of the physics of corona discharge
near a surface. Before embarking on a study of a rather
ambitious use of ion wind for drag reduction in configuration
aerodynamics, the complex mechanisms involved in a corona
discharge must be well understood. With this purpose in mind,
we have carried out a theoretical investigation for simple flow
and electrode geometries. The numerical computations are
performed within the framework of the two-dimensional
incompressible Navier-Stokes and the approximate Maxwell
equations for channel and boundary-layer flows.

Corona Discharge

In his book on electrical coronas, Loeb* describes corona
discharge as ‘‘the general class of luminous phenomena
appearing associated with the current jump to some microam-
peres at the highly stressed electrode preceding the ultimate
spark breakdown of the gap.”
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Both dc and ac fields can be used to produce corona
discharge if the applied field exceeds a certain threshold. The
discharge is characterized as either unipolar or bipolar
according to whether one or both electrodes are active. A
unipolar corona is called positive or negative according to the
polarity of the active electrode. It is instructive to consider a
positive point-to-plane corona configuration such as the one
depicted in Fig. 1. The positive stressed eclectrode is sur-
rounded by a thin ionization region where free charges are
produced. It is impossible to initiate this charge production
without the presence of free trigger electrons. Fortunately,
natural ionizing events and cosmic rays create about 20
ion-electron pairs/cm3/s in air, which is adequate to initiate
the process in positive point corona.* Other means such as
radioactivity, ultraviolet light, and surface treatment could
also be used to provide the free charge as needed. The trigger
electrons from the interelectrode space are drawn towards the
corona electrode, and, there in the high electric field, they
generate many electron-positive ion pairs by collisions. This
results in an electron avalanche (known as the Townsend
avalanche) which is responsible for a sustained corona dis-
charge. The electron avalanches move toward the discharge,
leaving behind the positive ions formed during the process.
These positive ions drift towards a relatively low electric field
denoted as the drift region in Fig. 1 and impart their momen-
tum to the neutral gas molecules by collisions. This results in
the motion of the fluid as a whole and is known as the ion or
corona wind. Ion wind velocities up to the order of 2 m/s have
been reported.>-®

The ions do not acquire sufficient energy to produce either
significant ionization in the gas or electron ejection at the
cathode. The drift region is usually dominated by ions of one
sign determined by the polarity of the corona electrode.”

II. Governing Equations

We consider the flow of an incompressible fluid under the
influence of an electric field. The relevant equations of motion
are the usual Navier-Stokes equations with an external body
force term which models in the continuum framework the
collisions of positive (negative in case of negative corona) ions
with the neutral molecules of the fluid. For a homogeneous
medium, this force term f is the Coulomb force given by?®

f=—pive” M
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where p* is the dimensional space charge density and ¢* the
scalar electric potential. This external force term is calculated
from the equations for the space charge density and electric
potential:

V- Vo = Mot @
V= — o, @)

where the electrical potential ¢ and charge density p, have
been made nondimensional with reference to their respective
values at the corona electrode (denoted by subscript <‘0°’), and
M\ represents. the ratio of electric field produced by space
charges to the average electrostatic field and is given by

A = po,L?/ (%o ©) @

¢ being the electric permittivity of the fluid, ¢, the source
voltage, p, the source charge density, and L a reference
length. The above equations are derived from the Maxwell’s
equations®® under the following assumptions: 1) The effect of
the magnetic field caused by the corona current is negligible,
2) Corona discharge is steady (implying constant discharge
current), and 3) The fluid velocity is negligible compared to
ion drift veloc1ty

The last of these assumptions is valid at low speeds!? only
Higher fluid velocities influence the corona current!! and in
that case Egs. (2) and (3) become coupled with the Navier-
Stokes equations. In the present numerical study, however,
this interaction is ignored so that the current density j at any
point in the field can be represented as

_ Pc0¢ok
I==7r

where k is the ionic moblhty
Strictly speaking, Eqs (2) and (3) are vahd only in the ion
drift region and not in the region immediately surrounding the
electrode where the electron avalanche process is active: In this
study, we assume that the discharge zone is extremely thin and
the above equations are valid all the way to the electrode.
Furthermore, two-dimensional electrode geometries are con-
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Fig. 1 Schematic of a positive point-to-plane corona gap.
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sidered in numerical computations. In a cartesian coordinate
system (x,y) Egs. (2) and (3) reduce to

%00 don_ .
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ax2 ay - )\pc (7)

The two-dimensional Navier-Stokes equations are written in
the vorticity-streamfunction (£,¢) formulation as

LT ()

at  “ox oy R ax2+ay ax dy 9y ox
(3)
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w2,

Here u, = V¢, Peg /p is a characteristic velocity and R is the
Reynolds number defined as

R=pu,L/p (11)

where u, is the reference velocity, p the fluid density, and u the
v1scosrty

.Equations (6 10) are the governing equations for the
electrogasdynamics (EGD) of the ion wind in two dimensions.
The boundary conditions depend upon the gemoetry of the
particular problem.

, III. The Solution Procedure ,

The fundamental difficulty in solving the electrostatic
problem is that the parameter A\ appearing.in Eqgs. (6) and (7)
is not known a priori. Given a configuration and a source of
voltage ¢,, this essentially means that the source charge
density Peys which is needed to solve the hyperbolic equation
for space charge density, i.e., Eq. (2), is unknown. This
arbitrariness in the problem comes about because the complex
interactions in the active corona region (ionization region in
Fig. 1 which is bipolar as described in the introduction) are not
modeled and the unipolar govering equations [Eqs. (2-3)] are
assumed valid all the way to the electrode. This makes it
necessary to provide information in addition to the boundary
conditions for the electric potential. Following Ref. 12, we
assume that the total discharge current is known, say, from a
laboratory experiment. We iterate on A until the total current
reaching the cathode, calculated form Egs. (5-7), balances the
known discharge current. This essentially implies that for a
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given ¢, there is a unique value of the source charge density P,
that will give a current distribution on the cathode whose
integral is equal to the known discharge current. If the
problem of bipolar conduction is considered, there will be no
need for the prior knowledge of the discharge current. This is,
however, outside the scope of the present study.

We shall consider the problem in which the corona electrode
is a thin wire of infinite length, and the cathode is a flat plate.
The corona wire is placed laterally either on the centerline of
a channel (see Fig. 2) or is imbedded in an insulated surface
(see Sec. IV for Blasius boundary layer).

In Fig. 2, the computation domain for the channel problem
is shown. The flow is from left to right. In the cartesian
coordinate system chosen for the study, x is along the channel
while y is across it. The channel height is 24. In the present
case, y = 0 represents one of the channel walls (which serve as
cathodes) and y = A is the centerline. The corona wire (or the
anode) is located at x =0, y = A. The boundary conditions
for this problem are

3
3 =0 (12a)

at a plane of symmetry or far away from the corona wire

d¢
-0
PR (12b)
at a plane of symmetry or the flat plate for Blasius boundary
layer

¢=0 (12¢)
at the cathode

¢=1 (12d)

at the anode (corona wire).

The usual five-point difference operator is used to discretize
the electric potential Eq. (7) for uniform grid. For stretched
grids, we use a variant of this method to ensure second-order
accuracy. The solution to the discretized equation is obtained
by successive over relaxation (SOR).

As suggested in Ref. 12, the space charge density Eq. (6) is
discretized using backward differences for p, and central
differences for ¢. The solution for p, is then obtained by
marching from the anode to the cathode and is given as (see
Fig. 2 for an explanation of the subscripts 7, j)

pe,, =b+bT—¢c (13)

where
_L[LQ?Z 13 ]
T 2alax ox !t T Ay gy b/
and
BERD 1 99
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Note that the Neumann boundary conditions on the electric
potential [Eq. (12)] at a plane of symmetry facilitate the
computation of p, (in Fig. 2) along the plane x =0, 0 <y <h
and 0 <x = 3.5h, y = h. These values of p, are needed in the
expression for ¢ above to march the solution away from the
anode.

Fluid Problem

In the vorticity transport Eq. (8), the time advancement is
done by the Dufort-Frankel method,'® and the advection-
diffusion terms are discretized by a weighted mean scheme.!*
For instance, the finite difference approximation of the spatial
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derivatives in the x-direction is as follows:
1 8% I
Rax? u‘a; =i St Eioy — (e + ai—l)fiim)
where
Uiv v
i = ——2— [coth(d;, )~ 1
7] xi+l—'xi—l[co (l+/z) ]
o = —2=%_ eoth(d_ ) + 1]
" Xip1— Xi—) e
with
045 = Uy (X4 — X)R
and

0, =u_ x5, —x;_ )R

In the case of a one-dimensional steady advection-diffusion
equation with constant coefficients, the numerical solution of
the discretized equation agrees identically at the nodes with the
exact solution, showing that boundary layers will be effec-
tively resolved. The boundary conditions for vorticity are

£§=£0) (15a)
at inflow ,

i}

522 = (15b)
at outflow ,

)

- (150)
at the wall

£=0 (15d)

at channel centerline or the freestream.
Both the outflow and the wall boundary conditions are
imposed by second-order accurate finite-difference formulas.
The boundary conditions for the streamfunction are

v =9() (16a)
at inflow

I

Frche 0 (16b)
at outflow

¥v=0 (16¢)
at the wall

y=1 (16d)
at channel centerline or

ay

- 1 (16¢)

in the freestream.

The streamfunction Eq. (9) is discretized by the usual
five-point difference formula for the uniform grid. In order to
retain second-order accuracy on the highly stretched grids
needed for boundary layer resolution, a variant of the
five-point formula derived from piecewise linear finite-ele-
ment methods is used. This representation is second-order
accurate even if the mesh spacing changes abruptly. The
discretization based on piecewise linear finite elements is
obtained on the triangular grid formed by adding a diagonal
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Fig. 3 Triangular grid for piecewise linear finite elements.
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Fig. 4 Comparison of computed (solid line) peak normalized current
density distribution on the cathode plate with the experimental data of
Yamamoto'” (open symbols), ¢p = 15 kv.

Table 1 Effect of the grid size on the
average skin friction with one corona wire, ¢, = 15 kv

Grid Size Cr.
65 x 17 0.001464
65 x 33 0.001406

129 x 33 0.001363

257 X 65 0.001362

to each rectangular cell, as shown in Fig. 3. The resulting
formula requires initial scaling of the vorticity £ according to

s=1/2)(s* +57), g=(/2)g* +q7)
o= (1/2sq £ + (/125 g * &y jir + (1/12)
XS™q i1 1+ /12T gLy
+(1/12)s = g &y, +(1/12)sg* &4y
+(1/12) sq = &, an

Then the discretization of the Poisson equation becomes as
follows:

q q s s
;‘I%H,,‘"‘s—_‘l/i—l,/’ +F\bi,j+l+q—_\bi,j—l

sq -
g oy . =E .
S+s— +q+qv— Il/’»./ sl,.l (18)
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The asymmetry in the scaling of £ above comes from the
orientation of the diagonal in the rectangles. Averaging over
the two possible orientations, we set the alternate scaling:

£,,=01/2)sqk; ; +(1/24) s* g * &, ;44
+(1/24) 5% g~ &y + (12857 g* Ei_y
+(1/24)s™ @~ by, +(/12)s* g &y,
+(1/12) s~ g &y, +(1/12) sg* & ;41
+(1/12)sq~ & ;4 (19)

The resulting Poisson discretization is second-order on any
tensor product grid and is found to work well in practice.
Since the difference star operating on the solution function y
here is just the five-point star, performing iterations with these
formulas is almost as inexpensive as the usual finite difference
formulas, though the formulas are more accurate.

The linear systems resulting from this discretization were
solved by a multigrid code based on zebra-line relaxation.!® It
is well known that point iterative algorithms, such as the SOR
iteration, perform poorly on highly stretched grids like those
employed here. Alternating direction iterations, such as the
zebra iteration used here, provide rapid smoothing even on
stretched grids.’® There are four steps in a complete zebra
relaxation. One must perform line SOR iteration on even-
numbered x-lines, even y-lines, odd x-lines, and odd y-lines.
This ordering of steps is used in the zebra iteration here,
although little difference was observed when the ordering was
altered. We also experimented with other splittings, such as
the ADI factorization. In this multigrid context, these
alternative splittings seem to offer no advantage.

The use of zebra smoothing iteration, coupled with the
projection and injection operations arising naturally in the
finite element context lead to a fast and robust algorithm.!6
When a Poisson solver is used in time-dependent problems, a
good starting value is always available from the previous time
step. In this situation, a multigrid algorithm performing two
full zebra sweeps on each multigrid level at each time step
seems more than adequate. Fast convergence of the Poisson
equation was observed on all tensor product grids tried, as
long as the mesh spacing changed slowly from one mesh cell to
the next. That is, the cell aspect ratios s/g could be arbitrarily
large without hampering convergence, as long as s and ¢
varied slowly from cell to cell.

IV. Computational Results

Plane Poiseuille Flow

Figure 2 provides a sketch of the flow and electrode
configuration. The main reason for the choice of this problem
is the availability of experimental results for the electric
field.!” For drag reduction in confined flows, discrete dis-
charging electrodes should not be on the surface (surface
blowing in confined flows increases skin friction) but rather
along the centerline to provide a ‘““wall suction’’ effect. The
mathematical problem considered is that of the incompressible
flow of air between two parallel plates (serving as cathodes)
with one lateral wire anode kept at a potential ¢, = 15 kv with
respect to the plates. The wire-to-plate distance # is 3 cm. The
electrical permittivity € is 8.85 x 10~ '2 A—s/v-m whereas the
mobility coefficient k¥ for positive ions in air is taken as
0.00014 m?/v-s. The total discharge current for this case was
taken from Ref. 17 to be 210 pA/m. Figure 4 shows the peak
normalized current density distribution on the cathode plate
(i.e., the channel wall). Although the peak is not properly
resolved in the computations, the current density distribution
is in general agreement with the experimental data of
Yamamoto.!” In Fig. 5, the electrical potential distributions in
the region between the wire and the plate are presented for
x/h =0, 0.4, and 0.8. The agreement between the computa-
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tion and the experimental data of Yamamoto!” is good for
y/h 2 0.4. Relatively poor agreement for smaller values of
y/h may be attributed to the approximations admitted in the
electrostatic problem which involve ignoring bipolar conduc-
tion in the active corona region.

The calculated vorticity and streamfunction distributions
are presented in Fig. 6, showing the qualitative nature of the
flow streamlines and constant vorticity contours for a
Reynolds number of 3600. The computational box extended
from x = — 3.5k to x = 3.5k with the corona wire located
midway across the centerline (i.e., at x = 0, y = h). Thereis a
small reverse flow region near the wall around x = 0. The curl
of the Coulomb force [see Eq. (1)] is nonzero, and therefore
vorticity is generated. The strong vorticity concentration
observed in Fig. 6 is due to the fact that ion wind has a larger
effect near the wall since the velocities due to plane Poiseuille
flow alone are small there—an obvious result of no-slip
boundary conditions. In the absence of plane Poiseuille flow
(R = 0), ion wind alone generates two counter-rotating cells
(in x-y plane) between the channel wall (cathode) and the
channel centerline. For R # 0, the cell generated ahead of the
corona wire results in flow reversal near the wall while
generating an accelerated flow away from it. The size of the
reverse flow region decreases as R increases.

The time step for the vorticity equation was calculated by
41=0.9 aXx/uUp,. In this case with 129 x 33 uniformly
spaced points, the steady state solution was achieved in about
800 steps. The criteria for convergence in all the calculations
was that

max‘%%, <min( a x%, ay?

Figure 7 displays the calculated skin-friction distribution
with one corona wire along with that for the fully developed
channel value (C; = 6/R). In the region ahead of the wire, the
flow is directed towards the wire and away from the wall
resulting in lower skin friction. The situation is reversed in the
region after the wire; the distribution is not symmetric,
however, due to flow bias. Here the skin friction was
calculated directly from the wall vorticity.

For a Reynolds number R = 3600, calculations were made
using 65 x 17, 65 x 33, 129 x 33, and 257 X 65 points. In
order to calculate the average drag coefficient, the skin
friction was integrated over the length of the computational
box ( = 7h). These results are presented in Table 1. It is clear

1.0

y/h

Fig. § Comparison of computed (solid line) electrical potential with
the experimental data of Yamamoto'’ (open symbols), ¢y = 15 kv.
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that sufficiently accurate results are obtained with 129 x 33
points. Using this same grid, calculations were also made for
R = 5000 and 6785. The results are presented in Fig. 8 for
these Reynolds numbers as percentage change in drag due to
the corona discharge:

a DRAG % = 100(Cfav X R/6—1)

As mentioned previously, the average C; was calculated by
integrating over the length of the computational box, and the
electrical potential in these calculations is 15 kv. The skin-
friction drag has decreased considerably (18.2% at R = 3600)
over the length of the computational box. The calculated skin
friction at the outflow in these computations was about 14%
greater than that of the plane Poiseuille value.

The effect of the positioning of the inflow and outflow
boundaries was also investigated. With the corona wire

(@) VORTICITY

y=h o

x = -3.5h X =0 X = 3,5h

(b)  STREAM FUNCTION

y=0
Fig. 6 Calculated vorticity and streamfunction in a channel with one
corona wire located across the centerline (x =0, y = #). Contour
levels for vorticity are from — 0.8 to 2.4 in intervals of 0.2, while for
streamfunction, levels are from 0.03 to 0.51 in intervals of 0.03.
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Fig. 7 Wall (y =0) skin friction distribution with one corona wire
for the same flow as in Fig. 6; R = 3600, ¢p = 15 kv.
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Fig. 8 Percentage reduction in skin friction drag within the compu-
tational domain depicted in Fig. 2, ¢y = 15 kv.
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Fig. 9 Skin friction distribution with one corona wire for the
extended computational box.

located at x =0 and the electrostatic force present in the
region — 3.5 <x <3.5h, the inflow and outflow boundaries
were placed at x = — 7h and 7k, respectively. For all practical
purposes, the solution in the region — 3.5 <x <3.5h re-
mained unaffected. The plane Poiseuille flow was recovered in
the region —7h<x =< —3.5h. The skin friction relaxed
slowly to the channel value in the region x>3.5h. These
computations were made with a grid of 257 x 33 points to
retain the same accuracy. In another set of calculations, the
computational box extended from — 3.5k to 10.5k, and the
corona wire location was unchanged. Again, the solution in
the region — 3.54 <x < 3.5h was unaffected. In the region
x >3.5h, the skin friction relaxes slowly to the value for the
Poiseuille flow as is evident in Fig. 9. The integrated skin
friction indicates that now in the computational region the
drag reduction has dropped from 18.2% to only 5%. The skin
friction at the outflow is still about 2.8% higher than the
Poiseuille value and, if integration continues, the drag
reduction will perhaps disappear. The region of reduced drag
could be extended, however, by a properly arranged multiwire
system.

We have extended the calculation to a two-wire system. In
this simulation, the inflow and outflow boundaries were
located at x = —4.3h and x = 4.3h, respectively. The two
wires were placed at x = + 0.84, y = k and were at a potential
of 15 kv with respect to the channel walls. The discharge
current taken from Ref. 17 was 350 uA/m. The calculated
vorticity and streamfunction contours are presented in Fig. 10.
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(@)  VORTICITY
y = 0.5h

x = -4,3h x=0 X = 4,3h

(b) STREAM FUNCTION
y =0.5h

yoo D

Fig. 10 Calculated vorticity and streamfunction in a channel with
two corona wires located at x = = 0.84. Contour levels for vorticity
are from — 1.5 to 6.5 intervals of 0.5; while for streamfunction, levels
are from 0 to 0.31 in intervals of 0.01.
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Fig. 11 Skin friction distribution with two corona wires.

Only the region 0<y <0.5A is shown to give a clearer picture
of the near-wall flow. Note the wavy pattern of streamfunc-
tion near the wall due to repeated deceleration and accelera-
tion of the flow in the presence of corona wires. As a
consequence, the skin-friction distribution also has a wavy
behavior (see Fig. 11). The integration of these results,
obtained with a 65 x 33 grid, indicates a drag reduction of
15.5%. The corresponding reduction for one-wire system was
also about the same. Results presented in Table 1 suggest that
the decrease in drag will be slightly higher with a refined mesh.

Blasius Boundary Layer

We now consider a Blasius boundary layer with the corona
wire embedded laterally in the flat. The cathode is assumed to
be an imaginary surface (i.e., the flow does not see it) at a
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y =28
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Ry = 8,35x10

Ry = 5x10° Ry = 1.17x10"

(b) STREAM FUNCTION

y=0

Fig. 12 Calculated vorticity and streamfunction in a boundary layer
with one corona wire imbedded in the insulated wall at y =0,
R, = 8.35 x 10°. Contour levels for vorticity are from 1 to 25 in
intervals of 1; while for streamfunction, levels are from 0.007 to 0.119
in intervals of 0.007.

6 —x 10

BLASIUS SOLUTION
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5.00 7.5 10,00 12.50 x 1¢°

R
X

Fig. 13 Skin friction distribution for a boundary layer with one
corona wire, ¢o = 15 kv.

certain distance from the plate, and we assume that surface to
be flat. Due to lack of knowledge of physics of corona near an
insulated surface, it seems reasonable to assume that the
model used in the case of the channel flow holds for this con-
figuration also.

The magnitude of the corona current is chosen arbitrarily as
the experimental value is not available. However, for a given
electric potential and interelectrode spacing, the solution of
the EGD equations seems to converge only for a particular
range of currents. o ,

The top boundary in these computations was placed at
about 108, 6 being the boundary layer thickness, and compu-
tations were made on a 101 X 51 grid. A highly stretched grid
was used to resolve the boundary layer properly. Figure 12
gives the calculated vorticity and streamfunction distribution.
The inflow in this case was prescribed by solving the Blasius
equation by a second-order accurate two-point compact
difference scheme. The wire potential was assumed to be 15 kv
and the current was 100 uA/m. The skin-friction distribution
is presented in Fig. 13. There is local departure from the
Blasius solution; however, no overall change in drag is
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noticed. The effect of ion wind on the skin friction is opposite
to that in the plane Poiseuille case since the corona wire is now
on the surface. The skin friction now increases ahead of the
wire and decreases after it. Several other electric potential/
current combinations were tried with similar results. Since
these results for the boundary layer are obtained with a rather
crude model of the electrical problem, it is worthwhile to
examine the situation experimentally to gain insight into the
physics of corona discharge near a surface and develop models
for corona discharge based, perhaps, on electron avalanches.!8
Some experimental results were reported in Ref. 19.

V. Concluding Remarks

We have presented theoretical results relating the effect of
ion wind on viscous drag. We have found that skin-friction
distribution is strongly affected by the presence of ion wind.
Our results indicate drag reductions of the order of 20%
(within the computational domain) for an applied voltage of
15 kv in plane Poiseuille flow at low speeds. The laminar
boundary-layer calculations did not show any such reductions.
This may be ascribed, however, to the particular model of the
corona discharge that we used for the boundary layer. The
required experimental input for proper simulation of the
corona discharge in the boundary layer is not available. More
systematic experimental and theoretical investigations should
be carried out before a definitive statement regarding drag
reduction can be made.
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